paper deals with the regularity and existence of solutions of a retarded semilinear differential equation with nonlocal condition by using the fundamental solution in the case where the principal operators are unbounded operators.
INTRODUCTION
Let H and V be complex Hilbert spaces such that the embedding V c H is continuous.
In this paper, we deal with the nonlocal initial value problem governed by a retarded semilinear parabolic type equation with time delay in H as follows:
&c(t) = A&t) + Al+ -h) + s 0 a(s)A2x(t + s) ds + f(t,z(t)) + k(t),
-h t "' (NlW) 2(O) = go -cp(h , . . . , t,, z), 4s) = 97s) -es4(tlr. . . , t,, zc), -hIs<O.
Let A0 be the operator associated with a bounded sesquilinear form defined in V x V satisfying the G&ding inequality.
Then A0 generates an analytic semigroup S(t) in both H and V*, and so equation (NRB) may be considered as an equation in both H and V*.
There exists much literature which studies semilinear evolution problems and related topics in Banach spaces. However, most studies have been devoted to systems without time delay, and not so many papers treat the initial functions for the retarded system with unbounded operators. Undertheconditionsa (.) E L2 (-h,O;R) and Ai (i = 1,2) are bounded linear operators on H into itself, Nakagiri [l] proved the standard optimal control problems and the time optimal control problem for retarded linear system (NRB) in the case f s 0 and 4 s 0 Jackson [5] showed the existence and uniqueness of solutions to semilinear nonlocal parabolic equations, and Byszewski and Akca [6, 7] studied the existence of mild and classical solutions of the nonlocal Cauchy problem for a semilinear functional differential evolution equation. For some other results on nonlocal problems, see the bibliographies of [5-81. In this note, with the more general Lipschitz continuity of nonlinear operator f from Rx V to H in [3, 4] we established the problem for the well-posedness and regularity of solution of retarded semilinear differential equation with nonlocal condition by using the fundamental solution in the case where the principal operators Ai (i = 0, 1,2) are unbounded operators with the condition that a(.) is real valued and Holder continuous on [-h, 0] (see [9, (3.14) ,(3.21)]).
RETARDED SEMILINEAR EQUATIONS
The norm in H is denoted by 1 . 1 and the duality pairing between V' and V by (., . Recalling the formulation of mild solutions, we know that the mild solution of (RE) is also represented by 
s(t)eo+JOiSwS){S_Oh a(7-)A~z(s + 7) dT + f(s, x(s)) + k(s)

EXISTENCE OF A SOLUTION
As in the sense of (2.6), the mild solution (NRE) is represented by s 0 x(t) = W(t) (go -4(h,.
. for the sake of simplicity. We also assume that a(.) is HGlder continuous of order p:
for some constants HO, HI. Let f be a nonlinear mapping from R x V into H. We assume the following. for 2 E X,.
One of the main useful tools in the proof of existence theorems for functional equations is the following fixed-point theorem.
LEMMA 3.1. (See (IO].) Suppose that C is a closed convex subset of a Banach space X. Assume that @I and a.2 are mappings from C into X such that the following conditions are satisfied:
(ii) @I is a completely continuous mapping, (iii)_$T is a contraction mapping.
Then the i&ator @I + @2 has a tied point in C.
THEOREM 3.1. Assume that the functions f and I$ satisfy Assumptions F and @, respectively.
Let (go, gl) E H x L2( -h, 0; V) and k E L2(0, T; V'), there exists a solution x of (NRE) belonging to and satisfying
L2(-h,T; V) n Wly2(0,T; V*) c C([O,T]; H)
IIZlIL2 ( sup ll~(t)llB(V*,v) = J42 < 00.
From (3.8) and Assumption @, it follows that, for n = 1,2,. and hence, there exists a constant C' > 0 such that
Therefore, by Lebesgue's dominated convergence theorem, it holds that i.e., lim,,, ~~@l~&2(0,To;V) = ~~@l~cob(O,To;V)* Since L2(0, TO; V) is a Hilbert space, (3.5) holds. Now we will show that @p2 is a contraction mapping. From (2.7) and Assumption F, it follows that iQi2zl -~2~2/l~2(0,To;~(Ao))" W1.a(0, To; H) 
III
Using the Holder inequality, we also obtain that (3.9
Therefore, in terms of (2.3) and (3.9), we have So by virtue of condition (3.5), @2 is contractive and it is easily seen that (@r + @z)(C) c : Thus, Lemma 3.1 gives that equation (NRE) has a unique solution in [-h, To] . Let x(.) be a solution of (NRE) and y(.) be a solution of following equation:
Consider the following problem:
$(x(t) -y(t)> = Aok -y(t)) + Alb(t -h) -y@ -h))
+ s a(s)A,(z(t + s) -Y(t + s)) ds + f(t,x(t)),
. . , i&x), Since condition (3.5) is independent of initial value, the solution of (NRE) can be extended to the interval [-h, nTc] for a natural number n, that is, we can prove the estimate mentioned above also in the interval [To, 2Ts] with initial data (XT,, , z(Ti)) where Q,,(S) = z(Ts + s) for s E (4, 0 Then Theorem 3.1 can be applied for 4(tl, . . . , t,, x) and Assumption Q holds.
